MIT 18.901 Introduction to topology
Mathematics Spring 2023

Problem Set 10:

Van Kampen’s theorem

Solve problems 1 and 2.
Problem 1
1. Using the description of RP? and of the Klein bottle #  as quotients of
[0,1] x [0,1]/ ~, show that RP?#RP? = 7.
2. For the real projective plane RP2 calculate 7 (RP2#RP?) using van

Kampen’s theorem (i.e. not using the first part of this exercise).

Problem 2
1. Prove that if px: X — X and py: Y - Y are covering spaces, then so is
px Xpy: X XY - X xY.

2. Prove that the covering space of a Hausdorff space is Hausdorff.

Problem 3

This problem is optional and won’t be graded : it’s simply here to
provide extra (optional) practice with van Kampen’s theorem.

The 3-sphere S can be written as the union of two solid tori S' x D? glued
along their common boundary : indeed

53 = 9D* = 9(D? x D*) = (D? x SH) U (S! x D?).

Put differently, $* = ((D? x S') U (S* x D?)) / ~, where (z,y) € S* x S =
d(D? x S1) is equivalent to (x,y) € St x St = 9(S! x D?). A sketch of the
situation is depicted below. Use this decomposition and van Kampen’s theorem
to reprove the fact that 71 (S93) = 1.
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