MIT 18.901 Introduction to topology
Mathematics Spring 2023

Problem Set 9:

Group presentations

Problem 1

Let {G4}aca be a family of groups.

1. Let F be a group and let {to: Go — F}aeca be a family of homomor-
phisms. Assume that (F,{tq}aca) satisfies the following universal pro-
perty : for every group G and for every family {¢q: G4 — G}aca of
homomorphisms, there exists a unique homomorphism ¢: F' — G such
that @ 0 1o = @, for every a.! Prove that F =2 x,G,.

2. Assume that each group G,, is presented by (X,, | R, ). Prove that x,G, &
(UaXo | Ua Ra) by proving that (UpeaXo | Uaca Ra) satisfies the
universal property of 1.

3. Deduce that F(X) = *4ecxZ.

Problem 2

1. Prove that S3 2 (z,y | 22,2, (zy)?).
2. Identify the following group (z,y | 2* = 3>, 23 = y*).

3. Prove that (a,b | a® = b?) and (c,d | cded™!) are two presentations for the
same group.

Problem 3
Use van Kampen’s theorem to calculate the fundamental group of the Klein
bottle J# in two different ways :
1. by viewing . as the union of two Mobius bands along their boundary,
2. by writing %" as the union of a disc D? with ¢\ Int(D?).

1. During class, we proved that (*qcaAGa,{ja: Ga = *aGa}aca) satisfies this universal
property.



